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ABSTRACT: This paper examines and compares the minimum horizontal acceleration that is needed to initiate uplift of the
singlenave barrel vault and of the rocking frame which are the two most common masonry structural systems used to bridge

a span. The paper condas that regardlessf the direction of the rupture of the buttresses, the single barrel vault
uplifts with a seismic coefficient, O, that is always s
rocking frame always upliftsiwt h  a s ei smi ¢ c o e fofthe masgai its prisribtichepidtyle; thereforey thel | e s
rocking frame has a superior seismic performance than the sirayle barrel vault.
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INTRODUCTION

The planar seismic stability analysis of a masonry structure that does not sustain tension can be analyzed in two steps. Step
(a) is an equivalent statequilibrium stability analysis and deals with the calculation of the minimum horizontal acceleration,

Ug"?, that is needed to rupture the structure at a minimum number of locations which are sufficient to convert the structure
into a mechanism. Step (a) is a purely geometric problem which is independent of the size (scale) of the structuresnd depend
onyon its fislendernesso. Step (b) deals with the post ro
undergoes some rocking motion and involves the solution of the nonlinear equation of motion (Oppenheim 1992); while
addressing satisfactbyrithe impact that happens whenever the motion reverses (De Lorenzis et al. 2007). Step (b) is a purely
dynamic problem that involves the participation of the rotational inertia of the articulated portions of the hinged;structure
therefore, the post dynaerstability of the hinged structure depends strongly on its size (Makris 2014a,b).

This work focuses on identifying the lower hinging mechanism of the sirayle barrebault that is a masonry arch supported

on two vertical buttresses as schematicdtigven in Fig. 1(a,b). Accordingly, this work concentrates in addressing step (a)
for the structural system shown in Fig. 1(a,b), B8glence it
navebarrek aul t 6 ¢ hur ¢ h evarious paastof Ewrepe as edrly d@s h millennia ago. For instgea(a) shows

an exterior view of the church of Agia Marina, Frenaros, Cyprus of the 15th century, and Fig. 2(b) shows an exterior and
interior view of the church of Saint Catherine, haca, Cyprus of the 14th century. The configuration of an arch (or vault)

that is supported on buttresses is also often encountered as a substructure of more complex masonry structures, such as
romanesque or gothic cathedrals and byzantine churches, @lepl#aces and castles or other simpler vaulted masonry
structures which have been constructed throughout the world since the conception of the masonry arch (Huerta 2006, Roca
et al. 2010). The planar analysis presented in this work assumes @fpéaneondition; therefore neglects the eeffects

of the front and back walls. Accordingly, the rupturing values of the seismic coeffidienmputed in this workepresent

the low limit.

The level of ground shaking that is needed to initiate riqpgjuas calculated in step (a) does not challenge the ultimate stability
of the structurggiven that the structure possesses further-goigt dynamic stability however, it addresses the issue of
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locating the imminent hinges and rupturing of the magdran issue that is of utmost interest to the preservation efforts of
cultural heritage.
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Figure 1.Single nave barrel vault subjected to a horizontal ground acceleratignligy . ( a) Hori zont al ru

of the buttress, (b) obliqueipture, (c) the rocking frame.

(b)

Figure 2.(a) Exterior view of the church of Agia Marina, Frenaros, Cyprus (15th century) and (b) exteriortaridr
view of the church ddaint CatheringLarnaca, Cyprus (14th century).

STEREOTOMY AND HINGE LOCATION

In a structure that does not sustain tension, the only seismic resisting action is its ownAiggitihe lateral seismic forces
overcome the stabilizingravity forces the masonry structure ruptures at a minimum number of locations creating the lower
hinging mechanism. Clearly, when hinging is imminent, a masonry structure that has finite thickness may rupture in a variety
of ways dependingn the size othe individual stones and the configuration of the jo{Alexakis and Makris 208). For

instance, for the simplest masonry structure that is the mondtitieistanding column, there is only one j@nthe interface

at the base of the column and thealden of the hingé that is the pivot point at its bakaown apriori. Consequently for

the monolithic, freestanding column with bask, and heighth, step(a)introduced earlier reduces to a simple static moment
equilibrium given that the minimum upihorizontal acceleration is meraky**=g(b/h)=gtand.

In the case of a circular arched monolith (Makris and Alexakis 2BXakis and Makris 20)4with embrace angleh,
midthickness radiug}, and thicknesd, that is about to become a fehinge mehanism, rupturing can happen in a variety

of ways®d say radial ruptures or vertical ruptures. When hinging is imminent, the weights of the articulated portions of the
arched monolith depend on the direction of rupturing (stereotomy). Accordingly, theadire€trupturing (stereotomy)
dictates the exact locations of the imminent hinges;cacgthe hinging mechanism has been established, one can compute
the minimum horizontal acceleration needed to overcome the stabilizing gravity forces.

In the case of a masonry barrel vault, the arch atop the buttresses is constructed with voussoirs with finite sizego rupturi
along the radial direction is most realistic and is adopted in this dtitlye same time a masonry buttress is not a mommlith
column since it consists of individual stones placed roughly in horizontal courses and laid with or without mortar between
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the stones. In the event that the buttress is built out of large masonry blocks the rupture may happen along the horizontal
direcion and uplift as a monolithic column as showrkig. 1(a). In the event that the buttress is built out of smaller stones

and the mortar has decayed with time, the buttress is incapable to sustain any tension and eventually develops an elongation
failure along the compression free region (Heyman 1992, Ochsendorf 2002, Ochsendazfed aMakris and Alexakis

2015) as shown in Fig. 1(b).

When a buttress that supports an arch is subjected to lateral inertial loading there are two types of lat@iz liratitype

of lateral load originates from the inclined thrust fodee to gravitythat the arch is transferring at its springing at the head

of the buttress and the second type of lateral load is the lateral inertial load from the ground shakhmysT hiees and
elongation failures of masonry buttresses subjectdwtrwo types of loads were reviewed recently by Makris and Alexakis
(2015) and are summarized in F&yIn this figure,b andh are the width and height of the buttressdy/h is the slenderness,

Tis the resultant thrusbrce applied athehead of the buttresBlandq are coefficients of the uniform and inverse triangular

lateral inertial loadingy(2) is the thrust linewherezis the independent variable (vertical axis) gitioe dependent (horizontal

axis), t,=Ty/(0 b) Andt~=T4/(o b) lre the normalized to the buttress weight horizontal and vertical components of the trust
forceT, whereais the surface force density of the buttrasd finallyf(z) is the elongation fracture line that starts at a distance

Z from the top of the buttss.Fig. 3 indicates that the inclined thrust force from the arch on the buttress (first row) creates

an elongation failure that is a straight line (Ochsendb&l.2004); whereas, lateral inertial loads create elongation failures

that are slightly cwred lines. When the profile of lateral seismic loads is assumed uniform (second roelpritation

failure line is described by aamror function (Heyman 1992), which is slightly concave outwards; whereas, when the profile

of the lateral seismic load & inverted triangle (third row), the elongation failure line can be only computed numerically
(Makris and Alexakis 2015) and is slightly concave inwards. The three lines sh&igy 8 are mathematical results based

on the idealization that the buttreissa continuous monolith that does not sustain tension. In reality, a masonry buttress
consists of individual stones, some larger and some smaller and the elongation failure line may look more like the one shown
in Fig. 4. Accordingly, in this study we er@ne the minimum uplift horizontal acceleration of a singéare barrel vault
where the Adownstreamo buttress may ruptur e.l@)otalomgra at i
straight inclined rupture as shown igFL(b).

In this paper the variational methodology advanced by Alexakis and Makris (2014) is employed to find the limit equilibrium
configuration of the singlaave barrelault shown in Fig. (&,b) given that the buttresses that support the arch may develop
an obliqueelongation failure (Heyman 1992, Ochsendorf 2002, Ochsendorf et al. 2004, Makris and Alexakis 2015).

PHYSICALLY ADMISSIBLE HINGING MECHANISMS OF A SINGLE -NAVE BARREL VAULT

Alexakis and Makris (2017) recently showed that there are onlplwsicallyadmissible hinging mechanistor the single

nave barrel vault, ashownin Fig. 5.If an arch thais capable tsupport its own weight is relatively slender and/or the
buttreses relatively stocky, a-#inge lateral mechanism develops only within the arch, as shown in-kfj.(Bhechanism

1), while the buttresses do not participate in the mechanism. This is precisely the problem of identifying the limiueguilibr
state of aircular masonry arch under lateral inertial and gravity |da@groblem that has been studied by Clemente (1998)

and more recently by the authors (Alexakis and Makris 2014), who presented a rigorous variational formulation in an effort
to liberate the lirit state analysis from the need to identify the limiting thrust line. Accordingly, the exact locations of the
imminent hinges and the level of horizontal ground acceler&tigmat is needed to mobilize the hinging mechanism | in Fig.

5 has been presentéd detail in the paper by Alexakis and Makris (2014). It is worth noting, as it was first recognized by
Clemente (1998), that if the arch is subjected to a lateral load (say from the left to the right), the extreme righhegeados
always happens ahe right springing A, while the extreme left intrados hinge D may happen within the arch at a location
above the loedspringgngmachagamn,g ¢ M at t hwe sprimgihgmechgnisih)n.g ilnng t(hiat we
location of hinge A is knowrand the analysis searches for the three unknown locations of hinges B, C and D, together with
the level of the lateral load that initiates the mechanism.

If an arch capable to support its own weight is relatively thick and/or the buttresses reldtindsr,sthe location of the
extrados hinge A shall be transferred to the bottom right corner didithenstreara buttress, in analogy with the arch
mechanism, and the analysis searches again for the three unknown locations of hinges B, C and D, thgathévs| of
the lateral load that initiates the mechanisms I, shown in Fiigh®.

The next section applies the principle of stationary potential energy, initially emplolakiis and Alexakis2012,2013)
and Alexakis and Makris (201310 calailate the exact location of the hinges and the level of the limit horizontal inertial
loading,U gfor any given geometry of the singhave barrevault structure that does not sustain tension.
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Figure 3. Thrust lines, fracture lines and expressions of the critical loads according to elongation failure of masonry
buttressewvith slenderness s=bMvhen subjected to three different loading patterns
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Figure 5. Admissible hinging mechanisms for buttresses that are allowed to develop horizontal tuptures

MECHANISM Il (SEMI -GLOBAL MECHANISM) THAT INITIATES A HORIZONTAL RUPTURE AT THE
BASE OF THE BUTTRESS

With reference to Figs-right, consider a circular arch with embrace anfjenid-thickness radius}, and thicknesg, that

is supported on two rectangular buttresses with heigland width,b. The stucture is subjected to a constant horizontal
ground acceleratiotd gsay from the left to the right). Prior to hinging, the structure translates as a rigid body; therefore, the
lateral inertial loading will assume a profile proportional to the vertic#liigion of the mass.

Moment equilibrium of segment 2 (segment BC) about hinge C gives

. eWz[(R+%)sinf2- y,] + W[, - (R+12)cosf2]+TBX[(R+12)sinf2- (R- %)sinfl]- Ty, [(R- iz)cosfl- (R+12)cosf2] =0 (1)

In Eq. (1),TexandTgy are the cartesian components of the unknown thrust Teraeting at hinge B (Fid5 top-centej, while

W;, Xo andy, are the weight and the cartesian coordinates of the center of gravity of segment 2, which are functions of the
unknown rupture locationd; and . (Alexakis and Makris 2017)Moment equilibrium of the combined segmenr8 2
(segment BCD) about hinge D gives

&, o[, 5~ (R- DS HW, 5[ - (R- 2)c0s]- Ty, [(R- D)sinfy - (R- 3)sinf]- Ty, (R- S)cos, - (R- S)coss] =0 (2)
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Figure 6. Formation of a fouhinge mechanism for the case where the bsg#s are allowed tdevelop horizontal
ruptures (right) or a straight oblique elongation failure (left)

In Eq. @), W23, Xo.3 andy..z are the weight and the cartesian coordinates of the center of gravity of the combined segment 2
3, which are functions of the unknown rupture locatiingnd (s (Alexakis and Makris 2017Moment equilibrium of
segment 1 (segment AB) about hinge A gives

an,[y, +h- (R+£2)sin b,1- W,[(R- %)cosbo +b- %]+ T [(R- %)sinfl +h- (R+%)sin b,]- Te,[(R- 12) cosb, +b- (R- %)cosfl] =0 (3

In Eq. @), be=("-b)/2 is the angle that forsthe springingvith the horizontal axis and/, x; andy; are the weight and the
cartesian coordinates of the center of gravity of segment 1, which are functions of the unknown rupturdiiqédérakis
and Makris 2017).

Substitution of Egs. (1) an@)into Eq. @) eliminates the unknown force componefdsandTgy and yields a transcendental
equation which involves the geometric paramefbetfR, b/R, h/R, the rupture locationd,, U., (is and the seismic coefficient

U In the event of a demand assessment analysidid the level of loading that a given structure can sustain) the geometry
of the buttressed arch is given and the analysis searches for the seismic coblfficieinitiates the hinge mechanism. The
solution of the above mentioned transcendental emuatn then be expressed in the form

e=f(f.f,.1s) @

Our analysis proceeds with the application of the principle of stationary potential energy, which states that the gigometrical
admissible hinged mechanism is in an equilibrium staéadf only if the total potential energy of the system is stationary

( U V =Abe)akis and Makris (2017) showed that tio¢al potential energyV, can be expressed as a function of the three
unknown locationsi;, » ahd(is, and is stationary when (Shames and Dym 1985, among others)

WV (71.75.73) _ U (F1.75.75) =He o i {123
W W W, ;
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